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Abstract 

Let X he a. compact Kahler manifold with a non-trivial holomorphic Poisson structure /3. 
Then there exist deformations {(v7/3t, i/"*)} of non-trivial generalized Kahler structures with 
one pure spinor on X. We prove that every Poisson submanifold of X is a generalized Kahler 
submanifold with respect to {Ji3t,tpt) and provide non-trivial examples of generalized Kahler 
submanifolds arising as holomorphic Poisson submanifolds. We also obtain unobstructed de- 
formations of bi-Hermitian structures constructed from Poisson structures. 
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Introduction 



This is a sequel to the paper [12] discussing generahzed complex and generalized 
Kahler manifolds from a view point of deformations. In section 1.1, we give an 
exposition of generalized complex structures. In section 1.2, we introduce a no- 
tion of jT-submanifolds of a generalized complex manifold {X, J') which is due to 
Oren Ben-Bassart and Mitya Boyarchenko and a jT-submanifold M inherits the in- 
duced generalized complex structure J'm [27], [32] Both complex submanifolds 
and symplectic submanifolds arise as special cases of jT-submanifolds. The notion 
of jT'-submanifolds is equivalent under the action of (i-closed 6-fields. We denote 
by A^* the conormal bundle to M in X. If a submanifold M admits a ^/-invariant 
conormal bundle, i.e., 

J{N*) = N*, 

then M is a jT-submanifold. After a short explanation of generalized Kahler struc- 
tures in section 1.3, we prove in section 1.4 that if a submanifold M of a general- 
ized Kahler manifold {X, ^q, J'l) admits a j7o-invariant conormal bundle, then M 
is also a j7i-submanifold and M inherits the induced generalized Kahler structure 
(i7o,M, J7i,Af) (see theorem 1.9). In section 1.5, we introduce a generalized Kahler 
structure with one pure spinor which is a pair (jT", ip) consisting of a generalized 
complex structure J' and a (i-closed, non-degenerate, pure spinor ip such that the 
induced pair {J', J^) is a generalized Kahler structure. On a Kahler manifold with 
a Kahler form cu, there is the ordinary generalized Kahler structure with one pure 
spinor, where the pure spinor is given by exp(A/ —luj). 

Theorem 1.14 Let (X, j7o, V') a generalized Kahler manifold with one pure spinor. 
If a submanifold M admits a J'o-invariant conormal bundle, then the pull back i^jip 
is a d-closed, non- degenerate, pure spinor on M and the induced pair {jTo,M,i*M4') is 
a generalized Kahler structure with one pure spinor on M. 

This is analogous to the fact that the pull back of a Kahler form to a complex 
submanifold is also a Kahler form. In section 1.6, let X be a compact Kahler man- 
ifold with a Poisson structure (3 and a Kahler form uj. (We always consider holo- 
morphic Poisson structures in this paper.) A complex submanifold M is a Poisson 
submanifold if there exists the induced Poisson structure Pm on M (see Definition 
1.17). Note that in algebraic geometry, Poisson schemes and Poisson subschemes 
are developed [26], [28]. A Poisson structure /3 on a compact Kahler manifold gen- 
erates deformations of generalized complex structures {J^pt} parametrized by t. By 

^Note that there is a different notion of generahzed complex submanifolds due to Gualtieri. To avoid a confusion, 
we use the terminology of J-submanifolds in this paper. 
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applying the stability theorem [12], we obtain deformations of generalized Kahler 
structures {J'i3t,4't}t£A' with one pure spinor, where A' is a one dimensional com- 
plex disk. Then it turns out that every Poisson submanifold M of X admits a jTgj- 
invariant conormal bundle, which is a generalized Kahler submanifold of {X, Jp^t) '4't) 
for t G A'. Thus every Poisson submanifold inherits the induced generalized Kahler 
structures 

Theorem 1.20 Let M be a Poisson submanifold of a Poisson manifold X with 
a Kahler structure uj. Then M is a generalized Kahler manifold with the induced 
structure {Ji3t,M,A,M)- 

In section 1.7, we discuss examples of generalized Kahler manifolds arising as Pois- 
son submanifolds. For instance, every hypersurface of degree ci < 3 in CP^ is a 
Poisson submanifold which admits a non-trivial generalized Kahler structure. We 
also exhibit invariant Poisson submanifolds of Poisson manifolds given by the action 
of commutative complex group. 

In section 2, we will give a formal proof of the stability theorem in the case of a 
Kahler manifold with a Poisson structure (3. E| The construction in the special case 
is based on the Hodge decomposition and the Lefschetz decomposition, which is an 
application of theorem showing unobstructed deformations of generalized Calabi- 
Yau (metrical) structures [11]. (Note that the proof in the general case is similar 
and depends on the generalized Hodge decomposition.) The method of our proof is 
a generalization of the one in unobstructed deformations of Calabi-Yau manifolds 
due to Bogomolov-Tain-Todorov |31j. 

In section 3, we discuss an application of the stability theorem to deformations 
of Bihermitian structures. By the one to one correspondence between generalized 
Kahler structures and Bihermitian structures with a torsion condition, our defor- 
mations of generalized Kahler structures {J7gt, V't} gives rise to deformations of Bi- 
hermitian structures {I~^{t), I~{t), ht}. In particular, we show that the infinitesimal 
deformations of {/^(t)} are respectively given by the class [±/5 ■ u] G H^'^{T^'^) 
defined by the contraction of the Poisson structure (3 and the Kahler from u. In 
other words, it follows from the stability theorem that the class [jS ■ u] gives rise 
to unobstructed deformations of complex structures. As an example, we discuss 
deformations of complex structures on the product of CP^ and a complex torus and 
show that Poisson structures generate the Kuranishi family in terms of the classes 

Hitchin gave a construction of Bihermitian structures on Del Pezzo surfaces [17] , 

^This construction provides a formal family of deformations of generalized Kahler structures in the case of Poisson 
deformations (see section 4 in | 12| for the convergence of the formal power series). 
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[18] by the Hamiltonian diffeomorphisms. Recently Gualtieri extended Hithicn's 
construction for Poisson manifolds It seems to be interesting to compare the 

construction by the stability theorem and the one by Hamiltonian diffeomorphsims. 
It must be noted that the construction by Hamiltonian diffeomorphisms requires 
that the Kodaira-Spencer class [j3 ■ u] vanishes. El 

The author would like to thank Professor Fujiki for valuable comment about Bi- 
hermitian structures. He would like to express his gratitude to Professor Namikawa 
for his meaningful suggestions about Poisson geometry. He also thanks to Professor 
Vaisman for a kind comment about definition of generalized complex submanifolds. 
He is grateful to Professor Gualtieri for his comment about deformations of gener- 
alized Kahler structures. 

1 Generalized Kahler submanifolds 

1.1 Generalized complex structures 

Let X be a real compact manifold of 2n dimension. We denote by tt : TX (BT*X 
TX the projection to the first component. The natural coupling between TX and 
T*X defines the symmetric bilinear form ( , ) on the direct sum TX © T*X. Then 
we have the fibre bundle SO{TX © T*X) over X with fibre the special orthogonal 
group with respect to TX © T*X. Note that SO(TX © T*X) is a subbundle of 
End(TX © T*X). An almost generalized complex structure JT" is a section of fibre 
bundle SO(rX © T*X) with J"^ = -id. Let Ljhe the (-v^)-eigenspace with 
respect to JT" and Lj its complex conjugate. Then an almost generalized complex 
structure J' gives rise to the decomposition of the complexified {TX © T*X)'^ into 
eigenspaces 

(TX © T*Xf = Lj® Lj. 

An almost generalized complex structure J' is integrable if the space Lj is involutive 
with respect to the Courant bracket [, ]c. An integrable JT" is called a generalized 
complex structure. 

1.2 i7-submanifolds 

Let ijvf : M — >■ X be a submanifold of 2m dimension. We denote by T*X\m the 
restricted bundle i~^T*X over M. Let p be a bundle map defined by the pull back 
i*^ and the identity map id^A/ of TM, 

p = idrM © i*M ■ TM © T*X\m ^TM® T*M. 

For instance, on a complex torus and a hyperKahler manifold, there are Poisson structures with non-vanishing 
class [f3 ■ u)]. 
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We denote by N*{= N2,^x) ^^e conormal bundle to M in X. Then we have the 
short exact sequence, 

— > N* — > TM © T*X\m TM © T*M — > 0. 

We define an intersection Lj{M) by 

Lj{M) = Ljr] {TM © T*X\Mf = Ljr] {7i-\TM)f 

and denote by Lj{M) its complex conjugate. For simplicity, we assume that Lj{M) 
is a subbundle of (TM © T*X\m)'^- Then the map p is restricted to the direct sum 
Lj{M) © Lj{M) and we have the map q : Lj{M) © Lj{M) — > {TM ®T*M)^. 
Let Lj{N*) denotes the intersection, 

Lj{N*) = Ljn {N*f. 

We also assume that Lj{N*) a subbundle of (A^*)*^. Then Lj{N*) ®Lj{N*) is a 
bundle in the kernel of the map q and we have the following sequence, 

Lj{N*) © Lj{N*) — > Lj{M) © Lj{M) ^ {TM © T*Mf. (1.1) 

The sequence is not exact in general. Note that 

Lj{N*) ®Lj{N*) C {Lj{M) ®Lj{M)) n {N*f = kei q. 

The following definition is same as those in [27], which was given in terms of the 
pulback of Dirac structures [7] . 

Definition 1.1 A suhmanifold M is a J -suhmanifold if the sequence is exact, 
— > Lj{N*) © Lj{N*) — > Lj{M) © Lj{M) ^ {TM © T*Mf — > 0. (1.2) 



The image q{Lj{M)) is a maximally isotropic subbundle of TM © T*M (see [^). 
Hence rank 'Lj{M) =dim]jM and we have 

Lemma 1.2 There are three equivalent conditions: 

(1) M is a J -suhmanifold. 



(2) The map q : Lj{M) © Lj{M) — > {TM © T*M)^ is surjective. 
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(3)Eq{Lj{M))nq{Lj{M)) = {0}. 

Since both bundles Lj{N*) ®L j{N*) and Lj{M)®Lj{M) are J-invariant, TM© 
T*M inherits the almost generalized complex structure Jm induced in the quotient 
bundle. The almost generalized complex structure Jm gives the decomposition into 
eigenspaces, 

{TM®T*Mf = Lj,^,®Lj,^, 
and we have the exact sequence, 

Lj{N*) Lj{M) ^ 0, 

where Lj^j^j = q{Lj{M)). Then from the view point of the Dirac structure, it is 
shown in [?] that 



Theorem 1.3 The induced structure Jm is integrable and M inherits a gener- 
alized complex structure. 

Proof For the sake of reader, we will give a proof. We denote by E\m G r(M, TX © 
T*X\m) the restriction of a smooth section E e T{X, TX © T*X) to M. Let Ei be 
a section of T{X,TX © T*X) with Ei\M e T{M,TM © TX*\m) for i = 1,2. The 
Courant bracket is given by 

[Eu E2]c = [ui, U2] + ^{K,0^ - K,0' - i^^dOi + i,,dd^}, (1.3) 

where Ei = m + 9' for m G TM and 9' G T*X {i = 1,2). Since the pull back 
ilj commutes with the exterior derivative d, the Lie derivative and the interior 
product iu for u G TM, the Courant bracket satisfies the following, 

Uf), p(^2|m) ]^ = pi[Ei, E2UM ) . (1.4) 

Since M is a jT-submanifold, we have the exact sequence, 

— > Lj{N*) © Lj{N*) — > Lj{M) © Lj{M) — > {TM © T*Mf — > 0, 

where (TM © T*Mf = Lj^^ © Lj^^- For every smooth section E G T{M,Lj^m), 
there exists a smooth section E e r{X,TX © T*X)^ with E\m G T{M,Lj{M)) 
satisfying p{E\m) = E. It follows from (11. 3p that for Ei, E2 G r{M, L j^m) we have 



[Ei,E2]c = pi[Ei,E2] 



^The condition (3) is the definition of a generalized complex submanifold in 1271 . There is a presentation by 
classical tensor fields 1321 . 
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Since [Ei,E2]c\m e Lj n {n-\TM)f = Lj{M) for Ei, E2 e r{M,Lj{M)), we 
have 

[Ei,E2]cep{Lj{M)) = Lj^,,. 

Hence J'^ is integrable. q.e.d. Note that theorem 11.31 holds for sheaves Lj{M) and 
Lj{N*) with a similar proof. 

Example 1.4 (symplectic submanifolds) A symplectic manifold with a symplectic 
structure u gives the generalized complex structure J'^j. Then a symplectic subman- 
ifold of a symplectic manifold is a J^i-suhmanifold. In this case we have 

Lj^{M)®Lj^{M) ^ {TM®T*Mf, 

with Lj^{N*) = {0}. 

Example 1.5 (complex submanifolds) A complex manifold with a complex structure 
J admits the generalized complex structure Jj. Then a complex submanifold of a 
complex manifold is a J j -submanifold with the exact sequence 

^ LjX^*) © Ij,(Ar*) — > Ljj{M) © Ljj{M) ^ {TM © T*Mf — * 0, 

where Ljj{N*) = {N*y^^ and Ljj{M) = TM^'^ © (T*X)1'0|m. 

Example 1.6 Let Xi x X2 be the product of generalized complex manifolds {Xi, J\) 
and {X2,J'2) with the generalized complex structure J\ x J2. Let Mi be a Ji- 
submanifold of {Xi,J'i) for i = 1,2. Then the product Mi x M2 is a (J7i x ^^2)- 
submanifold of Xi x X2. 

Example 1.7 (J -invariant conormal bundles) Let (X, JT") be a generalized complex 
manifold and Im '■ M ^ X a submanifold of X whose conormal bundle N* is 
J -invariant, 

J{N*) = N*. 

Then M is a J' -submanifold. 

Proof of example \l.l\ The bundle TM © T*X\m is also defined in terms of N* , 

tm®t*x\m = {e e tx®t*x\m {E,e) = o,yee n*}. 

Since J' is a section of SO(TX © T*X), we have 

{jE,e) = -{E,je) = 0, 
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for E e TM © T*X\m and 6 e N*. Thus the bundle TM © T*X\m is J -invariant. 
Hence we have the exact sequence by 

^ (A^*)*^ ^ (TM © T*X\Mf ^ (TM © T*Mf ^ 



■ Lj{M) © Lj{M) ^ (TM © T*MY 



^ Lj{N*) (B Lj{N*) - 

q.e.d. 

Example 1.8 (b-fields) Let M be a J -submanifold of a generalized complex man- 
ifold (X, JT"). For a real d-closed 2-form b, the exponential acts on J by the 
adjoint action to obtain a generalized complex structure jTj, = Kd^hJ . Then M is 
also a J\^- submanifold. 



Proof of example l 1 . 8\ Th.e bundles Lj^{M) and Lj^(N*) are respectively given as the 
images by the adjoint action Adgb, 

Lj^iM) = Ad,. (LjiM)) , Lj^N*) = Ad,. iLj{N*)) , 

and the adjoint action Adgb preserves the bundles TM © T*X\m and A^*. Hence we 
have the exact sequence by 











Lj{N*) ® Lj{N*] 



Lj,{N*)®Lj,{N* 



{Lj{M)®Lj{M)) 



{TM © T*Mf 







Ad 



Ad 



■0, 



^ {Lj^{M) © Lj^{M)) (TM © T*Mf - 

where Adgi*6 denotes the adjoint action by the exponential of the pull back i*b. 
q.e.d. 



1.3 Generalized metrics and generalized Kahler structures 

A generalized metric G is a section of SO(TX © T*X) with G"^ =id satisfying the 
condition: a bilinear form G defined by G{Ei, E2) := {GEi, E2) is a positive-definite 
metric on TX © T*X, where Ei = Vi+ r]i for Vi e TX and r]i e T*X (i = 1, 2). A 
generalized metric gives the decomposition of TX © T*X into eigenspaces 

TX®T*X = C+ ©C", 

where C"*" and C~ denotes the (+l)-eigenspace and the (— l)-eigenspace respectively. 
Then there are a Riemannian metric g and a 2-form b such that G~^ and G~ are 
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respectively written as 



C+ ={v + g{v,) + b{v,)\v eT} (1.5) 
C- ={v-g{v,) + b{v,)\veT}, 

where g{v, ) and b{v, ) denote the 1-forms given by the interior product by f G 

TX respectively. Hence the restriction of the projection tt to and gives 
isomorphisms respectively, 

7r|c+ :C+^TX, 7r|c- : C" ^ TX (1.6) 



A generalized Kdhler structure is a pair (j7o, Ji) consisting of two commuting gener- 
alized complex structures with the generalized metric G = —JqJ\ = —J\Jq. Then 
{TX © T*X)'^ is simultaneously decomposed into four eigenspaces by Jq and jTi, 

(TX © T-Xf ={Lj, nljj® (Lj, n LjJ (1.7) 
®(Lj,nLjJ(B(Lj,nLjJ. (1.8) 

Then eigenspaces C"*" and C~ of the generalized metric G = —JqJ\ = — jTiJTo are 
respectively given by 

{C^f ={Lj, n L^J © (Lj.nLj,), (1.9) 
{C~f ={LjoriLjJ © (Lj.nLjJ (1.10) 

1.4 Generalized Kahler submanifolds 



As in example II. 7[ if M has a jT-invariant conormal bundle, then M admits the 
induced generalized complex structure J'm- Then we shall show the following in this 
section 11.41 

Theorem 1.9 Let (j7o, J7i) be a generalized Kdhler structure on X. If a submanifold 
M of X admits a J'^-invariant conormal bundle, then M is also a Ji- submanifold 
and M inherits the induced generalized Kdhler structure {JIo,m, >Ji,m) ■ 

Remark 1.10 Gualtieri pointed out that theorem \1.9\ can be proved by a modified 
version of the generalized Kdhler reduction 

At first we define a generalized Kahler submanifold which is due to Barton and 
Stienon [4]. 

Definition 1.11 Let (X, j7o,j7i) be a generalized Kdhler manifold and M a sub- 
manifold of X. A submanifold M is a generalized Kdhler submanifold if M is a 
Jq- submanifold and M is also a Ji- submanifold. 
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Then it is shown that a generahzed Kahler submanifold M inherits a generahzed 
Kahler structure {Jo,m, Ji,m)- 

Let (X, iTo, J7i) be a 2n-dimensional generahzed Kahler manifold with the gen- 
eralized metric G and M a submanifold of dimension 2m. As in section 1.2, we 
have subbundles C"*" and C~ . We define C^{M) and C~{M) respectively by the 
intersections 

C+(Af) = C+ n7r-^(TM), C-{M) = C- nTX-\TM). (1.11) 

Then from (11. 6p . we see that C^{M) and C^{M) are bundles with rank C"''(M) = 
rank C~(M) = dimM = 2m. Let p be the bundle map in section 1.2, 

p : TM © T*X\m — > TM © T*M 

We denote by 7 the bundle map given by the restriction of p to the subbundle 

(C+(M)©C-(M)), 

Lemma 1.12 The map'j : (C+(M)©C- (M)) — > {TM®T*M) is an isomorphism. 

Proof The kernel of the map 7 is the intersection N* fl (C^(M) © C"(M)). From 
(II. 5p . C"'"(M) and C~(M) are respectively written as 

C+(M) ={ m + g{ur, ) + 6(ni, ) | ui G TM }, (1.12) 
C- (M) ={ U2 - g{u2, ) + b{u2, )\u2eTM}. (1.13) 

Since g is positive-definite, it follows that N* f] {C+{M) © C-{M)) = {0}. Hence 7 
is injective. Since rank(C+(M) © C-{M)) = rank (TM © T*M) = 4m, it follows 
that 7 is an isomorphism, q.e.d. 

Lemma 1.13 IfM admits a Jo-invariant conormal bundle, thenC^{M) andC^{M) 
are respectively invariant under both action of Jq and J\ . 

Proof If M admits a j7o-invariant conormal bundle as in example 11.7^ 7r^^(TM) = 
TM Q)T*X\m is also j7o-invariant. Since C+ and C~ are respectively eigenspaces of 
G and j7o commutes with G, C~^{M) and C~{M) are respectively invariant under 
both action j7o and G. It follows from J'l = GJo that J7i is preserving C^{M) and 
C-(M). q.e.d. 

Proof of theorem \1.9\ We shall show the sequence is exact, 

Lj,{N*) ®Lj,{N*) — > Lj,{M) ®Lj,{M) ^ {TM®T*Mf. 

Since M is a J7o-submanifold, it follows from theorem 11.31 that we have the exact 
sequence with respect to Jq^ 

Lj,{N*) © Lj,{N*) Lj,{M) © Lj,{M) ^ {TM © T*Mf 0, 
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and we have the induced generahzed complex structure Jo,m- From lemma 11.131 
(C+ (M) ©C- [M)f is a subbundle of both Lj^ (M) ©I^„ (M) and Lj^ (M) ©Ij, (M) . 
It follows from lemma 11.121 that we have the following commutative diagram, 

Lj,{N*) © Lj, (iV*) Lj, (M) © Lj, (M) (TM © T*M)^ 

(C+(M) © C-{M)f (TM © T*M)^ 

Lj, (iV*) © I^^ (iV*) Lj, (M) © Lj, (M) (TM © T*M)C 

Hence the map gi : Lj^{M) ®Lj^{M) (TM © T*M)^ is surjective. Hence it 
follows from lemma 11.21 (2) that M is a j7i-submanifold and a generalized Kahler 
submanifold. q.e.d. 

Our theorem 1.9 can be generalized. For instance, as in our proof, if C"*'(M)©C~ (M) 
is invariant under the action of j7o, then M is a generalized Kahler submanifold. 

1.5 Generalized Kahler manifolds with one pure spinor 

A pure spinor of X is a complex differential form ip with dime ker ip = 2 dime X, 
where ker ip = {E & {TX © T*X) \ E -ip = 0}. A pure spinor is non- degenerate 
if we have a decomposition, 

(TX © T*Xf = ker © teF^. 

Thus a non-degenerate, pure spinor induces the almost generalized complex struc- 
ture J'^ such that kerip is the (— a/^) eigenspace of J'^. If a non-degenerate, 
complex pure spinor ip is (i-closed, then the induced J'^ is integrable. 

Definition 1.14 A pair (j7o, ip) consisting of a generalized complex structure and a 
d-closed, non- degenerate, complex pure spinor is a generalized Kahler structure with 
one pure spinor if the induced pair (j7o, J'^) is a generalized Kahler structure. 

For a point a; G M, the pure spinor is written as 

V^x = V';,xe''+^^ (1.14) 

where ipi^^ is a complex /-form which is given by tpi^^ = 0^ A ■ ■ ■ A 6'' in terms of 
1-forms {6^}l^i and u and b are real 2-forms. The degree of ipi^^ is called Type of 
a pure spinor ip at x. If Type ipx = 0, it follows that the puUback iljipx of to a 
submanifold M does not vanish. In general the puUback iljip may vanish which is 
not a pure spinor on M. However, we have 
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Theorem 1.15 Let {X, j7o, '0) be a generalized Kdhler manifold with one pure spinor. 
Let M be a submanifold with invariant conormal bundle with respect to JTq. Then 
the pull back i^^ip is a d-closed, non- degenerate, pure spinor on M and the induced 
pair (i7o,M, "^mV^) is a generalized Kdhler structure with one pure spinor on M. 

We shall show the following lemma for proof of theorem I1.15[ 

Lemma 1.16 Let {X, j7o, tp) be a generalized Kdhler manifold with one pure spinor 
and M a submanifold with invariant conormal bundle with respect to jTo- Then the 
pull back i^jip does not vanish. 

Proof of lemma U.l 6M n the case I = 0, then i^jipx = i\je^^''^'^ ^ 0. Thus it suffices 
to consider the case / > 1. From (11.141) . if i\,jilJx = 0, then we have ilfipi^x = 0. Thus 
ili'ipi^x is generated by A^* and at least one element of {9^}\^^ belongs to N*. We 
can assume that 0* 7^ G A^* . It follows from 6^ ■ ipx = that we see 6^ & L^. Then 
we have 

G{9\9') ={Ge\f) = {-J,J^e\f) (1.15) 
=V^W\f). (1.16) 

Since JqN* = N*, we see that JoO' is a 1-form and {je\f) = 0. Hence G{e\9) = 
0. Since G is positive-definite, it implies 6^ = 0, which is a contradiction. Hence we 
conclude that il^ipx 7^ for all x G M. q.e.d. 

Proof of theorem \1.15\ Let J'^ be the induced generalized complex structure by 
ip with the (— -\/^)-eigenspace L^. As in section 1.4, C+(M) © C~(M) is J'^- 
invariant and under the isomorphism q : C^{M) © C~(M) = TM © T*M we have 
the decomposition, 

(TM © T*Mf = q{L^{M)) © q{L^{M)). 
For E = u + rj ^ L^^ , we see that 

qiE) ■ tli, ={u + tlv) ■ tli^ (1.17) 
=tl{u + r])-i; = iliE-i;)=0. (1.18) 

It implies that q{L^{M)) C kerz*^?/;. Since dimg(L^(M)) = 2m and q{L^{M)) fl 
q{L^{M)) = {0}, it follows from lemma fl. 161 that q{L^{M)) = keri*,^-?/' is maximally 
isotropic. Thus il^ip is a non-degenerate, pure spinor on M with the induced struc- 
ture Jm,^,- Since the pull back i^jip is rf-closed, the pair {^3 M fi-} \J M is a generalized 
Kahler structure. Hence the pair {Jm^-, ^lii') is a generalized Kahler structure with 
one pure spinor. q.e.d. 
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1.6 Poisson submanifolds 



Definition 1.17 Let X be a complex manifold with a holomorphic 2-vector (3. If 
the Schouten bracket vanishes, i.e., [P,P]sch = 0, we call [3 a (holomorphic) Poisson 
structure on X and the Poisson bracket is defined by 

{f,g} = PidfAdg). 

Definition 1.18 Let X be a complex manifold with a Poisson structure (3 and M a 
complex submanifold with the defining ideal sheaf I A submanifold M is a Poisson 
submanifold if we have {/, g} G Im for all f G Im one? g G Ox- 

A Poisson submanifold admits the induced Poisson structure. 

Let Jj be the generahzed complex structure defined by the usual complex structure 
J. By using a Poisson structure /3, we obtain a family of generalized complex 
structures J^^t parameterized by t 

where a = /? + /5. The structure Jpt is written in the form of a matrix, 

J'/5t=(o "^1}^*). (1.19) 

Then we have 

Lemma 1.19 Every Poisson submanifold M admits a J pt-invariant conormal bun- 
dle for all t. 

Proof Since P{df,dg) G Im for / G Im and (A^*)-*^'" is generated by the set 
{df I / G Im}, we have the restriction P{df, )|Af = 0. It follows from (11.191) that 
J0{N*) = N*. q.e.d. 

In [12] we obtain a stability theorem of generalized Kahler structure with one pure 
spinor. It implies that generalized Kahler structure with one pure spinor is stable 
under small deformations of generalized complex structures. By applying the stabil- 
ity theorem to small deformations of generalized complex structures {Jpt} starting 
from J7j, we have deformations of generalized Kahler structures with one pure spinor 
{Jl3t,^t}- The type of J/st is given by 

TypejTat = n — 2 rank p. 

It implies that if /5 7^ 0, then deformations of generalized Kahler structures with one 
pure spinor {J^pt, V't} can not be obtained from ordinary Kahler structures by the 
action of 6-fields. Hence we have, 
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Theorem 1.20 Let X be a Kdhler manifold with non-trivial Poisson structure (5. 
Then there exists an analytic family of non-trivial generalized Kdhler structure with 
one pure spinor {Jp^ti'^t}- 

Hence it follows from 11.191 and 11.151 that 

Theorem 1.21 Let M he a Poisson submanifold of a Poisson manifold X with 
a Kdhler structure uj. Then M is a generalized Kdhler manifold with the induced 
structure {Jpt,M, V't.w)- 

1.7 Examples of generalized Kahler submanifolds arising as Poisson sub- 
manifolds 

Let X be a compact Kahler manifold on which an I dimensional commutative com- 
plex group G act holomorphically. The Lie algebra g of G generates holomorphic 
vector fields {l^} -^^^ on X. Since [Vi, Vj] = 0, it follows that a linear combination of 
2- vectors Vi AVj's gives a holomorphic Poisson structure /5, 



where Xij is a constant. Note that [V^, V^] = implies [P,P]sch = 0. If j3 ^ 0, 
from the stability theorem we have deformations of generalized Kahler structures 



Lemma 1.22 Let M be a complex submanifold with defining ideal Im- If the ideal 
Im is invariant under the action of G, then M is a Poisson submanifold of {X,j3). 

Proof Since we have Vif G Im for f ^ Im and i = I,-- - ,1. Hence P{df, ) G 
Im ® T^'°X for / G Im- It implies that M is a Poisson submanifold. q.e.d. 

Example 1.23 (toric submanifolds) Let X be a compact toric manifold of n dimen- 
sion. Then there is the action ofn dimensional complex torus G on X . Then a toric 
submanifold M which is invariant under the action of G is a Poisson submanifold 
with respect to [3 as in U.20\) . 

Example 1.24 Let CP'^ be the complex projective space with the homogeneous co- 
ordinates [zq, zi, Z2, Z3, Zi] on which the commutative group x act by a homo- 




(1.20) 



morphism p : x C 



X 



GL{5,C) 



p(Ai, A2) = diag(l, Ai, Ai, A2, A2). 
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Then we have a Poisson structure /3 = Vi A V2 as in U.20\) . We take a following 
quadratic function F of CP^ 



Clij Zi Zj , 



1=1,2 
i=3,4 

where Qij are constants. The hypersurface M defined as the zero of F becomes a 
smooth manifold of complex 3 dimension for suitably choosed constants aij. Since 
P*{^i, ^2)F{z) = AiA2-F(z), the hypersurface M is a Poisson submanifold in CP^ 
which admits the deformations generalized Kdhler structure with one pure spinor 
{J'l3t,ipt) from theorem \1.21\ Since the Type of J'pt is 2 at generic points of X and 
the type of the induced Jpt^M is 1 at generic points of M, the generalized Kdhler 
structure {Jpti'ipt) o-nd the induced generalized Kdhler structure {J'i3tM,'ipt) (ire not 
obtained from Kdhle structures by the action of b-fields. 

Example 1.25 Let CP^ be the complex projective space with the homogeneous co- 
ordinates [zq, Zi, Z2, z^]. On the open set {zq 7^ 0}, we have the inhomogeneous 

2; ■ 

coordinates {Ci!C25C3} given by = —■ Let f = f {(1,(2, (3) polynomial of 

Zo 

degree d <3 and we assume that df 7^ 0. Then we define a 2-vector field jSf by 
d 

where fi = ^~/- Then it turns out that [P,P]sch = 0. Thus (5f is a Poisson struc- 
ture, which is called the exact quadratic Poisson structure l2^, \2E^ . We also see that 
(5{df) = 0. Thus the zero of f is a Poisson submanifold with respect to the Poisson 
structure /?/ on C^. Let F = F{zq, ■ ■ ■ , Z3) be the homogeneous polynomial defined 
by 

F = 4f f-,-,- 

V Zq Zq Zq 

Since each fi is a quadratic polynomial, j3f can be extended as a holomorphic Poisson 
structure f^p on CP^. Then a complex surface M given by the zero of F is a Poisson 
submanifold. 

Theorem 1.26 Let M be a complex smooth hypersurface of the projective space 
CP^ defined by a homogeneous polynomial F of degree d < 3 . Then M is a non- 
trivial generalized Kdhler manifold arising as Poisson submanifold of CP^ with re- 
spect to the Poisson structure 13 p- 
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Proof It suffices to show that the induced Poisson structure (3^ is non-trivial. On 
{zo 7^ 0}, is the induce structure from (3f. Since M is smooth, we can assume 
that there exists an open set defined by {/s ^ 0} with coordinates (r^i, 772, ''73), 

Vi = Ci 
V2 = C2 

V3 = f {(1X2X3)- 

Then j3f is written as 

drji dr]2 

Since M is defined by rj^ = 0, it follows that [3m is non-trivial. Hence the type of the 
induced generalized complex structure Jm is on the complement of the zero of Pm- 
Hence the induced generalized Kdhler structure on M is not obtained from ordinary 
Kdhler structures by h-field action, q.e.d. 

2 Deformations of generalized Kahler structures via Poisson 
structures 

Let X be a compact Kahler manifold with a Kahler form uj. Then we have the 
generalized Kahler structure with one pure spinor (J'jjtp), where J7j denotes the 
generalized complex structure induced from the complex structure J on X and is 
the pure spinor defined by 

We assume that there exists a Poisson structure (3 on X. Then we have deformations 
of generalized complex structures {J^i3t}t£A as in section 1. Applying the stability 
theorem in [12] to deformations of generalized complex structures {J^f3t}teA, we ob- 
tain 

Theorem 11.201 Let X be a Kahler manifold with non-trivial Poisson structure 
(3. Then there exists an analytic family of non-trivial generalized Kahler structure 
with one pure spinor {J^i3t,4't}- 

In the case of deformations starting from ordinary Kahler manifolds, proof of the 
stability theorem becomes simple which is based on the ordinary Hodge decomposi- 
tion and Lefschetz decomposition. Note that in general case, we used the generalized 
Hodge decomposition. We shall give an exposition of our proof in the special cases. 
We use the same notation as in jl2j . 
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Let CL be the real Clifford algebra of TX © T*X with respect to ( , ) . Then CL acts 
on differential forms by the spin representation. The Clifford group Gd is defined 
in terms of the twisted adjoint Ad^, 

:= { ^ G CL^ I Mg{TX © T*X) C TX © T*X }. 

Let CL^ be the Lie algebra which consists of elements of the Clifford algebra of degree 
less than or equal to 2. It turns out that CL^ is the Lie algebra of the Clifford group 
Gel- The set of almost generalized complex structures forms an orbit of the adjoint 
action of the Clifford group and the set of almost generalized Kahler structures with 
one pure spinor is also an orbit of the diagonal action of the Clifford group. Thus 
it follows that small deformations of almost generalized Kahler structures with one 
pure spinor are given by the action of exponential of CL^ on (J7j, ■?/'), 

(Ad,.(.) Jj, e^W ■ V-) , 

where z{t) GCL^[[t]]. Let {J^pt} be deformations of generalized complex structures 
by a Poisson structure /? as before. The deformations {JTpt} are given by the adjoint 
action of real 2-vector a = /3 + /3, 

i7/3t = AdgotJ/j. 

Let b{t) be an analytic family of b{t) of CL^[[t]], 

b{t)=b^t + b2^ + ■■■ = J2b^-^_■ 

i=l 

We denote by A"'° the canonical line bundle of {X, J). We assume that there exists 
a family {b{t)} with the foUowings conditions (2.1) and (2,2), 

h ■ A"'° C A"'° (2.1) 
die""' e^(*) ■ij) = 0. (2.2) 

Then it follows from the Campbel-Hausdorff formula that there is the z{t) G 
CL^[[t]] with 

From (12. ip . we see that the action by b(t) is preserving J7j, 

Adei>(i)j7j = Jj. 

Thus we have 

Ad,(t) Jj =Adat o Adb(t) Jj (2.3) 
=AdatJj = Jpt (2.4) 
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Prom (12. 2p . the non-degenerate pure spinor ipt = e^^*^ ■ ip is d-closed. Hence the 
pair {Adz(t)>Jj, e^*^*) ■ tp) = {Jpt.i^t) is a generahzed Kahler structure with one pure 
spinor. We shall construct h{t) which satisfies the (12.11) and (12.21) . Let CL^*^ be the 
subspace of the CL of degree i. We define CL* for i = 0, ■ ■ ■ , 3 by 

CL° = C"^(X), C\} = TX®T*X, (2.5) 
CL^ = CL°©CL[2], ClJ^ = CI} ® ClPy (2.6) 

~1 2 

Then we define bundles ker and ker respectively by 

ter^ = { 6 G CL^ I 6 . A"'° C CL° ■ A"'° }, (2.7) 
={heQh^\h- A"'° C CL^ ■ A"'° }, (2.8) 

where CL* ■ A"''' denotes the image by the action of CL* on the canonical line bundle 
A"'°. Then a section b G ker* (z = 1, 2) acts on = e^^~^'^ by the spin representation 
and we obtain bundles and K"^, 

K' = {h-i)\hek^i}. 
The bundle is the direct sum of and f/o -"+2^ 

where ?7°'-" = CL° ■?/; = { | / G C°°(X) } and [/o.-"+2 is given by the contraction 
A^^ by the Kahler form cu, 

U^'-^+'^ = {h'^l, + p^^\heC'^{M),pe ^^'\ A<^j9 + 2/i = 0}, (2.9) 

where A^'^ denotes forms of type (1, 1) with respect to the complex structure J. We 
define to be f/0'-"+2 write as K^. Then is written as 

Then we have a differential complex {K^, d] by the exterior derivative 

if 1 — if 2 ^ .... 

It turns out that the complex (if*, d) is elliptic since we have the following elliptic 
complex, 

.pl,l i /\2,1 ^ /\1,2 ^ . . . , 
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where P^'^ denotes the primitive (1, l)-forms on the Kahler manifold X [cf, proposi- 
tion 4.7 in [10]). The complex {K*, d) is a subcomplex of the full de Rham complex, 

-i^l ^-^J^2^^... 



We denote by H^{K*) the cohomology group of the complex {K*,d). It follows 
from the Hodge decomposition and the Lefschetz decomposition that the map : 
H'{K*) ®%qH{^{X) is injective for i = 1, 2. 

Let ((ie^''*V)[fc] denotes the term of de'^^^^ip of degree k in t. The first term is given 

by 

(rfe""^* V) [1] = daip + dbiip, 

where daip = {d{(3 + ]3)uj'^) Aip e (A^'^ © A^'^) A^. Thus daip G K"^ is rf-exact. Since 
the map is injective, the class [daip] G H^{K*) vanishes and we have a solution 
bi G of the first equation daip + dbiip = 0. 

Next we consider an operator e~^^^^de^^^^ acting on differential forms, where z(t) = 
lQggatgfe(t)_ j|- fQiiQ-^g f,\ig^f, the operator e~^^^^de^^^^ is a Clifford-Lie operator of order 
3 which is locally written in terms of the Clifford algebra valued Lie derivative, 

e-^Wde^W = ^E,L,, + iV„ (2.10) 

i 

where L„^ denotes the Lie derivative by a vector Vi and Ei G CL^, Ni G CL^ (c/ 
definition 2.2 in [H]). We find an open covering {Ua} of X with a non-vanishing 
holomorphic n-form Qa on each [/q. We denote by $q the pair (^q,?/'). Since 
the set of almost generalized Kahler structures is invariant under the action of 
diffeomorphisms, the Lie derivative of $a by a vector field v is given by 

for a section G CL^ on f/^. It follows from (12.101) that there is a G CL^ such 
that 

g-^W^e^W . = /^^ . = (/^^ . /^^ . 
Since 6(t) G ker and Ad^z(t)J'j = Jpt is integrable, we have 

for a -Eq £ CL^, which is the integrablity condition of jT^t in terms of pure spinors. 
Thus _ 
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where Ea = e"^(*^i?ae^^*^ G CL\ It follows from ha ■ = Ea ■ that ha G ker . It 
implies that h^ ■ ip & K^- 

We shall find a solution h{t) of the equation (de^^^^^') = by the induction on 
the degree k. We assume that there exists a solution bj G ker^ for < j < of the 
equation ((ie^*^*V)[i] = 0? ^oi all < i < A;. Then we have 

(e-^Wrfe^WV^)j,,= Y: (e-^^*^),,(^e^^*V)„ (2.11) 

i+j = k 
0<i,j<k 

= (cie^(*V)j,j. (2.12) 

2 

Since (e~^*^*)(ie^*^*V) li/^ = ■ '^\uc ^ ^« ^ ker on each f/^, it follows that 

((i e^*^*V) [fc] = (^a ■ V')[A;] ^ The (i-exact form (rf e^*^*V) is written as 

(cie^(*V)[,] = ;^(rf&fc-^) + Obfc, 

where Ob^ is also a rf-exact form in which defined in terms of a and hj for 1 < j < 
fc. Since the map is injective, it follows that the class [Ob^] G H'^{K*) vanishes 
and we have a solution of the equation (^d e^^^^tp) = 0. By our assumption of 

the induction, we have a solution b{t) in the form of formal power series, which can 
be shown to be a convergent series. 

The cohomology group H^{K*) is given by if^'^(X). Then by applying theorem 
3.2 in [12|, we obtain a 2-parameter family of deformations of generalized Kahler 
structures {Jpu'ipt,s), 

Theorem 2.1 There exists a family of solutions bs{t) parameterized by s & H^'^{M), 
which gives rise to deformations of generalized Kahler structures {J'/st,'^t,s) ■ 

3 Deformations of bi-Hermitian structures 

Let (X, u) be an n dimensional compact Kahler manifold with a Poisson structure 
f3 and a complex structure J. Then we have deformations of generalized Kahler 
structures {jT/jt, V'i} as in section 2. According to theorem by Gualtieri, there is the 
one to one correspondence between generalized Kahler structures and bi-Hermitian 
structures with a torsion condition. A bi-Hermitian structure is a triple (/"'", J~, h) 
consisting of two complex structures /"'" and /~ and a Hermitian structure h with 
respect to both /"•" and /". Let be the Hermitian 2- form and d the 9-operator 
with respect to respectively. Then the torsion condition is given by 

d'^u^ = —d^u^ = H, 
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where if is a d-exact 3-form and = — d). Let z{t) be a solution of the 

equation de^^''^^%jj = as in section 2, which gives rise to deformations of generahzed 
Kahler structures {JT"^*, ipt}, where e^^*^ = e"* e^^*^ and a = P + jS. Then we have the 
corresponding deformations of bi-Hermitian structures {{I~^{t),I~{t),ht)}, where 
/^(O) = /^(O) = J. Let bi be the first term of power series b{t) in t. On an open set 
U, we find a basis {Zi}^^^ of vector fields of type (1, 0) with respect to the complex 

structure J. We denote by ^ the 1-form of type (0, 1) defined by the interior product 
of —y/—luj by Zi, 

We define Ef to he Zi ±6' e {TX © T*X) ® C. Then 6i G CL^ acts on by the 
adjoint action, 

e (rx©T*x) ®c. 

We denote by P{6^) the vector filed given by the contraction of 2- vector /3 by 1-from 

^. Then we have a deformed basis {Zf{t)} of vectors of type (1, 0) with respect to 
I^{t) on U which is written by the followings up to degree 1 in t, 

Zt{t) = Z,+ (p{f) + TTrAbuEt]) t, (mod t^) (3.1) 

Z7{t) = Z,+ (^-Pie") + nrxibuE']) t, (mod t^), (3.2) 

where tttx '■ TX © T*X — > TX denotes the projection. 

Lemma 3.1 For a = P + P, there exists a solution z{t) of the equation rfe^'-*^ -ip = 
such that the first term hi is a real 2-form. 

Proof The first term of the equation de^^^^ip = is given by 

da ■ ip + dbi -1^ = 0. 

Then we have 

da-ij = d{p + p)-ip = ~{P-u;^ + P-uj'^)ij, 

where P ■ lJ^ denotes the interior product of the 4-form tu^ by the 2-vector p. The 
(i-exact form —\d{fi -u"^ + P ■ a;^) is a real form of type A^'^ © A^'^. As in proposition 
4.7 in [lOj, we have a real elliptic complex, 

— P^'^ — V'^ © • ■ • , 

whose cohomology groups are respectively given by the harmonic real primitive form 
P^'^ of type (1, 1) and the real part of the Dolbeault cohomology {H^'^{X) © H^'^{X)) 
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Hence we obtain a real bi G P^'^ with da ■ + dbi ■ = 0. Hence the result follows, 
q.e.d. Hence for hi e A^T*X, it follows from nj.x[bi, E^] =0 that the Zf{t) is given 
by 

Z^{t) = Zi±(3-e't, (modt^). (3.3) 
The contraction between /? and a/^cj is written as 

i 

Since -\/— T/5 ■ u is 9-closed, we have a class ■ u] G H^'^{X,T^'^). Then it 

follows from (13.31) that the infinitesimal tangent of deformations {/"''(t)} and {/~(t)} 
are respectively given by the classes ^/—1[I3 ■ uj] and —\/—l[l3 ■ uj] G H^'^{X,T^'^). 
Hence we have 

Theorem 3.2 Let X he a compact Kdlher manifold with a Poisson structure (3. 
The class [/3 • a;] G if°'^(X, T^''') defined by the contraction of j3 by a Kdhler form uj 
gives rise to unobstructed deformations. In other words, we have a vanishing of the 
obstruction class, [(3 ■ (3 ■ u] = Q e H^'^{X, T^'O) . 

Proof Let {J'i3t,4't} be deformations of generalized Kahler structures as in section 
2 with the corresponding deformations of bi-Hermitian structures {J+(t), I~{t), ht}. 
Then the class a/— • a;] G H^'^{X,T^'^) is the infinitesimal tangent of the defor- 
mations of /"^(t). Hence we obtain a vanishing of the obstruction class, [f] ■ uj , f3 ■ uj] = 
G i/°'2(X,Ti'0). q.e.d. 

Example 3.3 Let M be a complex torus of n dimension and X the product of M 
and the projective space CP^. Deformations of X were explicitly studied in [21]. A 
holomorphic vector field on CP^ is written as a linear combination, 

where ( is the affine coordinates of CP^ and a, b, c are constants. Let {zi, • ■ ■ , Zn} 
be the coordinates of complex torus M. Then every representative p of H^'^{X, T^'°) 
is given in the from. 



p 



1 j.h 
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where Xjk are constants. We define an n x 3 matrix P by 



P 



fai hi ci\ 

a2 &2 C2 



Then we see that the class of obstruction [p, p] vanishes if and only if the rank of the 
matrix P is less than or equal to 1. On the other hand, every holomorphic 2- vector 
on X is given by 

Then the Schouten bracket [jS, (3] also vanishes if and only if the rank of P is less 
than or equal to 1. Let u be the Kahler form ups + ^m, where ups denotes the 
Fubini-Study form of CP^ and ujm is the standard Kahler form of M. Then the 
contraction (3 ■ u is the representative p and we have a surjective map 

Let A = {uJa}'^i be the discrete lattice of maximal rank 2n in C" with M = 
C"/A, where Ua = {^^ai, ■ ■ - ^an)- We denote by Vi the holomorphic vector field 
+ bi(^ + CiC^^. Then Vi generates the automorphism exp (V^) of CP^. For 
each a, we define an automorphism ptioja) by 

pt{uJa) = ^exp (uJaiVit) 

i 

In the case of the rank of P = 1, Vi, - ■ ■ ,Vn are commuting vector fields. Hence pt 
gives rise to a representation of A = tti{M) on automorphisms of CP^. By the family 
of representations {pt}, we obtain deformations of complex fibre bundles {Xt} over 
the torus M starting from the trivial bundle Xq = M x CP^, 

Xt = M CP^ M. 

In [2T], It is shown that the infinitesimal deformations of {Xf} is the class [p] G 



^o,i(x,Ti'0), where X^k = 0. 
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